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Abstract 

In this paper, we construct a new class of Finsler manifolds called gen- 
eralized isotropic Berwald manifolds which is an extension of the class of 
isotropic Berwald manifolds. We prove that every generalized isotropic 
Berwald manifold is a generalized Douglas-Weyl manifold. On a com- 
pact generalized isotropic Berwald manifold, we show that the notions of 
stretch and Landsberg curvatures are equivalent. Then we prove that on 
these manifolds, a Finsler metric is R-quadratic if and only if it is a stretch 
metric with vanishing incurvature. Finally, we determine the flag curva- 
ture of generalized isotropic Berwald manifold with scalar flag curvature. 
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1 Introduction 

In Finsler geometry, there are several important non-Riemannian quantities. Let 
(M, F) be a Finsler manifold. The second derivatives of \F X at y € T x Mq is an 
inner product g y on T X M. The third order derivatives of \F X at y 6 T x Mq is a 
symmetric trilinear forms C y on T X M. We call g y and C y the fundamental form 
and the Cartan torsion, respectively. The rate of change of the Cartan torsion 
along geodesies is the Landsberg curvature L y on T X M for any y S T x Mq. F is 
said to be Landsbergian if L = 0. 

For a Finsler metric F = F(x,y), its geodesies curves are characterized by 
the system of differential equations c 1 + 2G t (c) = 0, where the local functions 
G % = G l (x, y) are called the spray coefficients and given by following 

c i_\a(d 2 [F 2 ] yk d[F^ ^ T X M. 
4 \dx k dy l dx l > x 



F is called a Berwald metric if G i = ^T t j k (x)y : 'y k is quadratic in y £ T X M for any 
x € M [BJ. In [5], it is proved that on a Berwald space, the parallel translation 
along any geodesic preserves the Minkowski functionals. Then Berwald spaces 
can be viewed as Finsler spaces modeled on a single Minkowski space. 

Recently the various interesting special forms of Cartan, Berwald and Lands- 
berg tensors have been obtained by some Finslerians. The Finsler spaces having 
such special forms have been called C-reducible, P-reducible, semi-C-reducible, 
isotropic Berwald curvature, isotropic mean Berwald curvature, and isotropic 
Landsberg curvature, etc [7] [9] [15] [TB] [21] [24] . 
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In [7], Shen-Chen by using the structure of Funk metric, introduce the no- 
tion of isotropic Berwald metrics. This motivates us to study special forms of 
Berwald curvature for other important special Finsler metrics. 

Let (M, F) be a two-dimensional Finsler manifold. We refer to the Berwald's 
frame (£ l ,m l ) where £ l — y l /F(y), m % is the unit vector with = and 

ti — gijl 1 - Then the Berwald curvature is given by 

B l jki = F-\-21. x t + l 2 m l )m 3 m k m u 

where I is O-homogeneous function called the main scalar of F and I2 =1,2 + 
J i|2 (see page 689 in [T]). Since the Cartan tensor of F is given by Cij k = 
F~ 1 Imimjrrik, then the Berwald curvature can be written as folowing 

= -^Cjut + ^{h jk hj + h M h) + hijhi}, (1) 

where hij := rn^mj is the angular metric. 

Let (M, F) be a Finsler manifold. Then F is said to be generalized isotropic 
Berwald metric if its Berwald curvature satisfies following 

B l ]kl = vC m t + \{h)h M + hihji + hjh jk ), (2) 

where /x = fi(x,y) and A = X(x,y) are homogeneous functions of degrees and 
-1 with respect to y, respectively. Then (M,F) is called a generalized isotropic 
Berwald manifold. It is remarkable that, if /j, = 2c and A = cF^ 1 , where c = c(x) 
is a scalar function on M, then F reduces to a isotropic Berwald metric |22) . 
Then the class of generalized isotropic Berwald manifolds contains the class of 
isotropic Berwald manifolds, as a special case. By (J2J), it results that every 
Finsler surface has generalized isotropic Berwald curvature with = — j^- and 
A=f. 

Example 1. Consider the Funk metric on the unit ball B™ C M™ defined by 

F(x,y) := VM 2 -(N%l 2 -<^> 2 )+<^^> ; y g T x M n = R n 

1 — \x\ 2 

where |.| and <, > denote the Euclidean norm and inner product in M™, respec- 
tively. F is a generalized isotropic Berwald metric with /x = 1 and A = jp. 

The Douglas tensor is another non-Riemanian curvature which defined by 

jki ■ n -\-l dy m 'y j y k y 1 ' 

For more details see [2] [14]. A Finsler metric is called a generalized Douglas- 
Weyl (GDW) metric if the Douglas tensor satisfy in h % a D a mm y m = [12]. In 
4 , Bacso-Papp show that this class of Finsler metrics is closed under projective 
transformation. In this paper, we prove the following. 

Theorem 1.1. Every generalized isotropic Berwald metric is a generalized 
Douglas- Weyl metric. 
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As a generalization of Landsberg curvature, L. Berwald introduced a non- 
Riemannian curvature so-called stretch curvature and denoted by S y [5]. He 
showed that this tensor vanishes if and only if the length of a vector remains 
unchanged under the parallel displacement along an infinitesimal parallelogram. 
Therefore, we study complete generalized isotropic Berwald manifold with van- 
ishing stretch curvature and prove the following. 

Theorem 1.2. Let (M,F) be a complete generalized isotropic Berwald man- 
ifold and fi be bounded function on M . Suppose that F has vanishing stretch 
curvature. Then F is a Landsberg metric. 

The second variation of geodesies gives rise to a family of linear maps R y : 
T X M —> T X M, at any point y S T X M , which is called the Riemann curvature in 
the direction y. A Finsler metric F is said to be R-quadratic if the Riemannian 
curvature R y is quadratic in y £ T X M at each point x G M. In the sense of 
Bdcsd-Matsumoto, F is R-quadratic if and only if the h-curvature of Berwald 
connection depends on position only ( [3] [H] [H] ) . Every Berwald metric and 
R-flat metric is R-quadratic metric. On the other hand, in |17j Shen find a 
new non- Riemannian quantity for Finsler metrics that is closely related to the 
-E-curvature and call it -E-curvature. Recall that, the -E-curvature is obtained 
from the mean Berwald curvature E, by the horizontal covariant differentiation 
along geodesies. In this paper, we study generalized isotropic Berwald manifolds 
with R-quadratic metrics and prove the following. 

Theorem 1.3. Let (M,F) be a generalized isotropic Berwald manifold of di- 
mension n > 2. Then F is R-quadratic if and only if it is a stretch metric with 
E = 0. 

For a Finsler manifold (M,F), the flag curvature is a function K(P, y) of 
tangent planes P C T X M and directions y G P. Indeed the flag curvature in 
Finsler geometry is a natural extension of the sectional curvature in Riemannian 
geometry. F is said to be of scalar flag curvature if the flag curvature K(P, y) = 
K(x, y) is independent of flags P associated with any fixed flagpole y. One of the 
important problems in Finsler geometry is to characterize Finsler manifolds of 
scalar flag curvature |14j . In this paper, we study generalized isotropic Berwald 
metrics of scalar curvature and partially determine the flag curvature. More 
precisely, we prove the following. 

Theorem 1.4. Let [M,F) be an n-dimensional generalized isotropic Berwald 
manifold of scalar flag curvature. Then the flag curvature K = K(x, y) satisfies 

"±i^ + (K + £-£) 4 -0, (3) 

where fx' := fi\ s y s denotes the horizontal derivation of /j, with respect to the 
Berwald connection. 

There are many connections in Finsler geometry |18) |20j. In this paper, we 
use the Berwald connection and the h- and v- covariant derivatives of a Finsler 
tensor field are denoted by " | " and ", " respectively. 
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2 Preliminaries 



Let M be a n-dimensional C°° manifold. Denote by T X M the tangent space 
at x e M, by TM = U xeM T x M the tangent bundle of M, and by TM = 
TM \ {0} the slit tangent bundle on M. A Finsler metric on M is a function 
F : TM — » [0, oo) which has the following properties: 

(i) F is C°° on TM ; 

(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM; 

(iii) for each y £ T X M, the following quadratic form g y on T X M is positive 
definite, 

1 d 2 

g y {u,v) := [F 2 {y + su + tv)] \ s ,t=o, it, u 6 T X M. 

Let x € M and Fr := F^m- To measure the non-Euclidean feature of F x , 
define C y : T X M (g) T^M ® T X M — > R by 

Cj,(u,«,w) := i— [gj,+ttu(«)V)] | t =o, u,v,w e T X M. 

The family C := {C y }j, e TA/ i s called the Cartan torsion. It is well known that 
C = if and only if F is Riemannian [T7] . 

The horizontal covariant derivatives of C along geodesies give rise to the 
Landsberg curvature ~L y : T X M ® T X M <gi T X M — > R defined by Lj,(w, v, w) := 
Lijh(y)u 1 v : >w k , where 

Fjjfe := Cijk\ s y s , 

u = u = ul 3§rU and w = ^^rU- The family L := {L^jyeTMo is 

called the Landsberg curvature. A Finsler metric is called a Landsberg metric 
if L=0 [23]. The quotient L/C is regarded as the relative rate of change of C 
along Finslerian geodesies. A Finsler metric is said to be relatively isotropic 
Landsberg metric if 

L = t ? C, 

where 77 = rj(x, y) is a homogeneous scalar function of degree 1 on TM . 

Define the stretch curvature S. y : T X M <g> T X M ® T X M ® T X M -)• R by 
S y (u,-y,w,z) := Y, ijkl (y)u l v ] w k z l , where 

Syfcj := 2(L ijfe |/ — Liji\ k ). 

A Finsler metric is said to be stretch metric if £ = 0. Every Landsberg metric 
is a stretch metric. 



Given a Finsler manifold (M,F), then a global vector field G is induced 
by F on TM , which in a standard coordinate (x l ,y l ) for TM is given by 
G = y*£ T -2G*(x,y)£ T , where 



G* : = -/{[F 2 L v y fe - [F 2 ],,}, y E T X M. 



The G is called the spray associated to (M,F). In local coordinates, a curve 
c(t) is a geodesic if and only if its coordinates (c l (t)) satisfy c % + 2G l (c) = 0. 



4 



For a tangent vector y G T X M , define B y : T X M® T X M ® T X M -> T X M and 
E y : T X M®T X M -> R by B v (u s »,t«) := ^(tfJ^w'^rU and E„(u,v) := 
Ejk{y)u^v k where 

j _ d 3 G l _1 
jkl '~ dyidy k dy l ' jfc 2 J ' fcm " 

The B and E are called the Berwald curvature and mean Berwald curvature, 
respectively. Then P is called a Berwald metric and weakly Berwald metric if 
B = and E = 0, respectively [T7] . 

Define D y : T X M®T X M®T X M T X M by T) y (u, v, w) := D^lOvVto*^^ 
where 

^iW == B'iW - ^i E ^ S i + E ^k + E ki5) + I'-ji- j!/' ! • 

We call D := {D y } yg TM the Douglas curvature. A Finsler metric with D = 
is called a Douglas metric. The notion of Douglas metrics was proposed by 
Bdcsd-Matsumoto as a generalization of Berwald metrics [2] . 

A Finsler metric is called a generalized Douglas- Weyl (GDW) metric if the 
Douglas tensor satisfy in 

K D jkl\rnV = 

In [3], Bacso-Papp show that this class of Finsler metrics is closed under projec- 
tive transformation. In |12j . Najafi-Shen-Tayebi find the necessary and sufficient 
condition for a Randers metric to be a generalized Douglas- Weyl metric. 

The Riemann curvature R y — R l k dx k ® gfrU : T X M — »• T X M is a family of 
linear maps on tangent spaces, defined by 

R i =2 gg i | 2G J 

k dx k dxidy k dy J dy k dyi dy k 

The flag curvature in Finsler geometry is a natural extension of the sectional 
curvature in Riemannian geometry was first introduced by L. Berwald [6]. For 
a flag P = span{y, u} C T X M with flagpole y, the flag curvature K = K(P, y) 
is defined by 

K(P,y):= , g^l^M- (4) 



When P is Riemannian, K = K(P) is independent of y G P, and is the sectional 
curvature of P. We say that a Finsler metric P is of scalar curvature if for any 
y G T X M, the flag curvature K = K(x, y) is a scalar function on the slit tangent 
bundle TMq. If K = constant, then F is said to be of constant flag curvature. 
A Finsler metric P is called isotropic flag curvature, if K = K(x). 

A Finsler metric P is said to be R-quadratic if R y is quadratic in y G T^M 
at each point x G Af . Let 

where P 2 ,^ is the Riemann curvature of Berwald connection. Then we have 
R l k = R l j kl (x,y)y^y l . Therefore R l k is quadratic in y G T X M if and only if 
kl are functions of position alone. Indeed a Finsler metric is R-quadratic if 
and only if the h-curvature of Berwald connection depends on position only in 
the sense of Bdcsd-Matsumoto [3] . 
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3 Proof of Theorem 11.11 

In this section, we are going to prove the Theorem ll.il We need the following. 

Lemma 3.1. ([12 ) Let (M, F) be a Finsler metric. Then F is a GDW-metric 
if and only if 

D l ]kl \sV S = W, ( 5 ) 
for some tensor Tj k i on manifold M . 

Proposition 3.1. Let F be a non-Riemannian generalized isotropic Berwald 
metric. Then F is a Douglas metric if and only if it is a relatively isotropic 
Landsberg metric L + F 2 XC = 0. 

Proof. By assumption, we have 

B l jk i = vC jk it + \{h)h M + hlhjt + hjh jk ), (6) 

Taking a trace of © yields 

n + 1 

Ejk — — 2 — ^jk- (7) 

Thus 

B* jkl = iiC jH e + -^{E jk h\ + E kl h) + Ejihi). (8) 
Contracting ((5]) with yi implies that 

I^Cjki = —2F Ljfci- (9) 
By taking (HJ) in (gj) it follows that 

B l jkl = -2F- x L ]kl l l + -^—{E jk h\ + E kl h) + Eflhi). (10) 

On the other hand, we have 

h ijt k = 2C ijk - F~ 2 (yjh ik + yih ok ), (11) 

which implies that 

2E jkll = (n + l)X,ih jk + {n + l)\{2C jkl - F- 2 (y k h M + yjhki)}. (12) 

The Douglas tensor is given by 

2 



D'jkl = B l jkl - —-{E jk 5\ + EuPj + E l3 6\ + E jk tf). (13) 
J n + 1 J 



Putting (ffj). (pJO ]) and ([L2 | in ([13]) yields 

D i jkl = -2{F~ 2 L jkl + XC jkl }y l - (\yiF~ 2 + \j-.h (14) 

For the Douglas curvature, we have D l j kl = D l ji k - Then by ([T4"|) . we have 

XyiF- 2 + A ; = 0. (15) 

From (HI]) and ((15]) we deduce that 

D l jkl = -2{F- 2 L jkl +\C jkl }y\ (16) 

By (fTBj) . it follows that F is a Douglas metric if and only if F~ 2 Lj k i+\Cj k i = 0. 
This completes the proof. □ 
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Corollary 3.1. Let (M,F) be a non-Riemannian Finsler surface. Then F is 
a Douglas metric if and only if 31. i + FII2 = 0. 

Proof. As we explain in introduction, every two-dimensional Finsler manifolds 
are generalized isotropic Berwald manifolds. By © and (|TB| we get 

D l 3kl = {F~ V - 1\}C jkl y\ (17) 

Thus F is a Douglas metric if and only if /1 = 2F\. Since fj, = "j 7 ' 1 and A = -y, 
then we get the proof. □ 



By 0, we have the following. 

Corollary 3.2. Let (M,F) be a Finsler surface. Then F is a weakly Berwald 
metric if and only if I2 =0. 



Proof of Theorem 11.11 The Douglas tensor of F is given by 

D l 3kl = -2{F- 2 L 3kl +\C ]kl }y\ (18) 
Taking a horizontal derivation of ([T8"]) implies that 

iy,u-!r = ~2{F- 2 L ms y s + \'C jU + XL jM }y\ (19) 
where A' = \\ m y m . By Lemma |3~T1 F is a GDW-metric with 

Tjki = -2{F~ 2 L ms y s + X'Cjki + XL jkl }. (20) 
This completes the proof. □ 

4 Proof of Theorem 11.21 

In this section, we study complete generalized isotropic Berwald manifold with 
vanishing stretch curvature. 

Proof of Theorem 11.21 By definition 

^ijki ■= 2(-Ljj fc |/ - I^ifc) = 0. (21) 
Contracting ^ with yi and using 

Vi Bl j k i = -2LjM 

implies that 



1 
2 

By (EH) and ([22), we get 



Lij k — —-fiFCij k . (22) 



^\kCiji — \i\\Cij k — [i{C i]k \i — Ciji\ k ). (23) 
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Contracting (j2"3")l with y k and using (f2"2"j) yields 

(// - ^(J?F)C ijk = 0. (24) 

If Cijk = 0, then i* 1 is a Riemannian metric, and thus it is a Landsberg metric. 
Suppose that F is a non- Riemannian metric. Then we have 

2fj,' = [i 2 F. (25) 

On a Finslerian geodesies, we have 

/ / = / /(<) = ^. (26) 



Thus 



which its general solution is 



2f = „*, (27) 



If /i(0) = 0, then n(t) = and by (|22l) . we conclude that F is a Landsberg 
metric. Suppose that ^(0) ^ 0. Using \\fi\\ < oo, and letting t — ► +oo or 
f — » — co, implies that fx = 0. This complete the proof. □ 



5 Proof of Theorem 11.3 



R l jkl\m 


+ R jlm\k 


D jml\k 


D jmk\l 


B l jkLm 


- R* 

jkm,l 



To prove Theorem ll.3[ we need the following. 

Lemma 5.1. ([5] [13]) For the Berwald connection, the following Bianchi iden- 
tities hold: 

n jmk\l ~ D jku 11 Im D jlu U mk + D jmu n fcil /a J 
: R l jkl,m (30) 

(31) 

where W u : /'//< ;W . 

Taking a trace of (j3"0)l implies the following. 
Lemma 5.2. (PZ3][IH]) Let F be a R-quadratic Finsler metric. Then H = 0. 

Contracting (|3T)]) with yields 

V%R jkl,m = yi Bl jml\k ~ Vi^ jkm\l 

= {yt B% j m i)\k - {yiB l 3km )\i 

= — 2Lj m i\k + 2Ljk m \i = ^jkmi' (32) 
Thus we conclude the following. 
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Corollary 5.1. Every R-quadratic Finsler metric is a stretch metric. 



Proof of Theorem 11.31 Let (M, F) be a generalized isotropic Berwald mani- 
fold. Suppose that F is R-quadratic metric. By Corollary 15. 1[ it is sufficient to 
prove that E = 0. By assumption, we have 

B\ kl = -2F~ x L jkl e + -^(E 3k h\ + E kl h\ + Eflhi). (33) 



Then 

B* ms = -2F- x L ms t + ^T[( E 3k\M + E H\sh) + E jlls hl). (34) 
Replacing I and s in (f34|) yields 



B l 3ks]l = -ZF-'L^e + -^(E m hl + E ks{l h) + E Ml hl). (35) 
(|M ]) -([3l) ]) . implies that 

2 

Bl jki\s - Bl ]ks\i = - 2F ~ i L jkl\s - L jks \i}t + ——(E jk \ s h\ - E jkll h l s ) 

+ ^p[{{E 3 i\s ~ E 3s\i)K + (E k i\s - E ks{l )h)}. (36) 
By dSOl), §6§ and Corollary ETJ we have 

Ejk\iK - E ]k \ s h\ = (Eji\ s - Ej s \i)h\ + (E H \ S - E ks \i)tij. (37) 
Putting i = s in (|3T|) and using h* = n — 1 and hf = Sf — F~ 2 y s yi, we get 
(n-2)E m +F- 2 H ]kyi = {E mk -F- 2 H jlVk -E m ) + (E mj -F- 2 H kiyj -E m ), 
or equivalently 

nEj k \i = Eji\ k + E k i\j - F~ 2 (Hjiy k ~ H kl yj + H jk y{). (38) 
By Lemma r5.2[ (|38p reduces to following 

nEj k \i = Eji\ k + E kl \j, (39) 
Permuting j, k, I in (|3T)1) leads to 

nE M\j = E kj\l + E lj\k (40) 
nE m = Ei k \j + E m , (41) 

O+iDD-gH yields 

n{E m + E kl]j ) = (n + 2)E jl]k . (42) 
Putting (jnnj) in (03) implies that 

E kl\j = Eji\ k . (43) 
This means that Eij k is symmetric with respect to indices and (|39[) reduces to 

(n - 2)E m = 0. 

Since n > 2, thus E = 0. 

Conversely, let F be a stretch metric with E = 0. Then by ([3TJ)) and (l36l) . 
we conclude that F is R-quadratic. This completes the proof. □ 



9 



6 Proof of Theorem 11.41 

The following equation is hold 

Lijk\mV m + C l]m R m k = --{gimR^kj + 93rnR m k: i) ~ gCflW-fr™,* + 9jmR m itk )- (44) 
For more details, see [IT]. Contracting (PHI) with g u implies that 

J k \ m y m + l m R m k = -\{^R\ m + R m m , k }- (45) 

Proof of Theorem 11.41 Now we assume that F is of scalar curvature with 
flag curvature K = K(x, y). This is equivalent to the following identity: 

R\=KF 2 hl, (46) 

where h\ := g lJ h jk . Bv (|15 ]l and (ggj, we obtain 

Lijk\ m y m — — ^K^hjk + K-jhik + Ji.khij + 3KCy/c| 

and 

J k \ m y m = -\ F2 {( n + !)k * + 3K/ 4- (47) 

By assumption, we have 

Ljki = — —fiFCjki- (48) 



This yields 



Since J k = Ik\ m y' m , thus 



J% = --fxFIi. 



•h\ m y m = ~FU - ^F,h = -(p 2 F - 2n')Fk, (49) 
It follows from g7|) that 

Then we have ©. □ 

Corollary 6.1. Let (M,F) be a generalized isotropic Berwald manifold of di- 
mension n > 3. Suppose that F is of scalar flag curvature K = K(x, y) such 
that 2// — {fi 2 + 4K}_F = 0. Then F is of constant flag curvature. 

Proof. By (f5U|) . we get K; = and then K = K(x). In this case, K = constant 
when n > 3 by the Schur theorem [S]. □ 

Finally, by (f5U|) we can conclude the following. 

Corollary 6.2. Let (M,F) be a generalized isotropic Berwald manifold of 
isotropic flag curvature K = K(x) satisfies — {[i 2 + 4K}i 7 ' ^ 0. Then 
F reduces to a Riemannian metric. 
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